We summarize the dominant decay modes of the neutral and charged Higgs bosons in the Minimal Supersymmetric extension of the Standard Model. While two-body decays are in general dominating, the branching ratios for three-body decays of the heavy scalar, pseudoscalar and charged Higgs bosons can be large below the thresholds if top quarks, W/Z bosons or heavy scalar bosons are involved. Analytical expressions have been derived for the partial decay widths and the physical implications of these decay modes are discussed.
Introduction
The experimental exploration of the electroweak gauge symmetry breaking is one of the most important tasks in particle physics. The observation of one or several fundamental scalar particles with couplings growing with the masses of the sources would establish the Higgs mechanism as the physical basis of the symmetry breaking. The Higgs mechanism [1] may be realized in the frame of the Standard Model (SM) or one of its possible extensions among which supersymmetric theories are truly outstanding candidates [2, 3] . To explore the physical nature of the scalar particles, high-precision measurements of their properties are mandatory. To this end precise calculations of the production cross sections and the branching ratios of all important decay channels are required [4] .
Since the Higgs couplings to the Standard Model particles are proportional to their masses [modulo enhancement/suppression factors in extended models] the most important decay channels are two-body decays to the heaviest particles allowed by phase space. Besides these two-body decays, below-threshold three-body decays of the Higgs bosons can also be very important. This is well-known in the Standard Model for Higgs decays to real and virtual pairs of W/Z bosons in the intermediate mass range [5] : although suppressed by the off-shell propagator and the additional electroweak coupling between the W/Z and the fermions, these decay processes are enhanced by the large Higgs couplings to the gauge bosons, giving rise to appreciable branching ratios.
In supersymmetric extensions of the Standard Model, below-threshold decays may become even more important, in particular for heavy Higgs decays to virtual and real gauge boson pairs, mixed gauge and Higgs boson pairs, as well as top quarks. The analysis of three-body decays of the Higgs bosons in the Minimal Supersymmetric Standard Model (MSSM) has received not much attention in the literature so far. Only recently some below-threshold supersymmetric Higgs boson decays have been investigated numerically in Ref. [6] . We improve on this paper in several aspects: by performing the analysis analytically; by completing the ensemble of important decay channels; and last but not least, by studying the effects of stop mixing due to non-zero SUSY parameters µ and A t . We will perform the analysis in the small and the large limit of tgβ, the ratio of the vacuum expectation values, where the results for three-body decays turn out to be quite different. Both domains are interesting since they are realized in grand unified supersymmetric models with b-τ Yukawa coupling unification [7] .
The paper is organized as follows. In the next Section, we summarize the main features of the Higgs sector in the MSSM. In Section 3 we discuss the branching ratios in the large tgβ case, with special emphasis on decays for Higgs masses at the edge of the SUSY parameter space. In Section 4 we analyze the below-threshold decays of the heavy CP-even, CP-odd and charged Higgs bosons for small tgβ values. The total decay widths are summarized in Section 5. Supplementing analytical expressions will be presented in the Appendix.
Physical Set-Up
In the Minimal Supersymmetric extension of the Standard Model two isodoublets of Higgs fields [2] are introduced to provide masses to the up-and down-type fermions. This results in a spectrum of a quintet of physical particles: two CP-even neutral scalars h and H, one CP-odd neutral (pseudo)scalar A, and a pair of charged scalar particles H ± . Besides the four masses, two additional parameters determine the properties of these particles at the tree level: the ratio tgβ of the vacuum expectation values of the two neutral Higgs fields and a mixing angle α in the neutral CP-even sector.
Supersymmetry leads to several relations among the parameters of the Higgs sector, and only two of them are in fact independent. If one of the Higgs boson masses [in general M A ] and tgβ are specified, all other masses and the mixing angle α can be derived at the tree-level [3] . Supersymmetry imposes a strong hierarchical structure on the mass spectrum, M h < M A < M H , M W < M H ± and M h < M Z , which however is broken by radiative corrections [8, 9] .
The leading part of the radiative corrections grows as the fourth power of the top quark mass m t and the logarithm of the squark mass M S [8] . This part is determined by the parameter
TeV. If M A is large, the A, H, H ± Higgs bosons are nearly degenerate while the lightest Higgs boson h reaches its maximal mass value. Note that for small tgβ the ordering M H > M H ± > M A holds in the large mass range while M H ± > M H ≃ M A for large tgβ instead. The effect of non-zero A t and µ is quite significant since its shifts the maximal value of the h mass upward by almost ∼ 20 GeV; for large tgβ values, the relations
, holding in the case of no mixing, still hold true when the mixing is included.
The couplings of the neutral Higgs bosons to fermions and gauge bosons depend on the angles α and β; they are given in Table 1 with the normalization defined by the SM couplings
The CP-even neutral Higgs bosons h, H share the SM coupling to the massive gauge bosons, their couplings to down-(up-) type fermions are enhanced (suppressed) with respect to the SM case. If, in the case of large A masses, the mass of the lightest Higgs boson is close to its upper limit for a given value of tgβ, the couplings of h to fermions and gauge bosons are SM-like while the couplings of the heavy CP-even scalar H are suppressed. The pseudoscalar Higgs boson has no tree-level couplings to gauge bosons; its couplings to down-(up)-type fermions are (inversely) proportional to tgβ. Radiative corrections treated at the level discussed above, are incorporated in the mixing angle α. The size of the couplings is shown in Fig. 2a for the mixing scenarios defined before. Here again, the mixing has a large impact; however the bulk of the effect consists of shifting the h, H masses upward.
Tab. 1: Higgs boson couplings in the MSSM to fermions and gauge bosons relative to the SM Higgs couplings.
In the limit of large A, H masses, the h mass becomes maximal. In this limit, the properties of h approach those of the SM Higgs boson. The heavy neutral scalar Higgs boson H decouples from the gauge bosons and the fermionic H couplings approach the corresponding couplings of the pseudoscalar Higgs boson A. For small h, H masses, the light Higgs boson h is built-up primarily by the Higgs field H 2 which couples to downtype fermions with the strength ∼ tgβ, while the heavy Higgs boson H, built-up by H 1 , couples conversely to up-type fermions.
For fermions the charged Higgs particles couple to mixtures of scalar and pseudoscalar currents, with components proportional to m u ctgβ and m d tgβ for the two ± chiralities,
The couplings of two Higgs bosons with one gauge boson are listed in Table 2 . They are normalized to the charged/neutral weak couplings
and they come with the sum of the Higgs momenta entering and leaving the vertices. Again, radiative corrections are incorporated in the mixing angle α. The magnitude of these couplings can be read off Fig. 2a .
The couplings of two Higgs bosons with one gauge boson. They are normalized to the weak couplings defined in eq.(6) and they come with momenta of the Higgs particles entering and leaving the vertices.
Finally, we summarize the couplings of the three neutral Higgs bosons among themselves which we will need in the subsequent analyses. Unlike the previous cases, the radiative corrections are not incorporated in the mixing angle α in total, but additional contributions must be taken into account explicitely. Normalized to
the radiatively corrected self-couplings are to leading order [11] λ Hhh = 2 sin 2α sin(β + α) − cos 2α cos(β + α)
These couplings are shown in Fig. 2b for the two mixing scenarios, including subleading contributions [10] for non-zero µ and A t .
The value of tgβ determines to a large extent the decay pattern of the supersymmetric Higgs bosons. For large values of tgβ the pattern is simple, a result of the strong enhancement of the Higgs couplings to down-type fermions. The neutral Higgs bosons will decay into bb and τ + τ − pairs, the charged Higgs bosons into τ ν τ pairs below and tb pairs above the top-bottom threshold. Only at the edges of the Higgs parameter space these simple rules are modified: If h approaches the maximal mass value, the couplings become SM-like and the decay modes follow the pattern of the Standard Model; if H approaches the minimal mass value, it will mainly decay into hh and AA final states. The detailed analysis of the large tgβ scenario with special emphasis on
is presented in Section 3.
For small values of tgβ ∼ 1 the decay pattern of the heavy neutral Higgs bosons is much more complicated [11, 12] (i) heavy CP-even Higgs particle H:
(ii) CP-odd Higgs boson A:
The The decay chains given in the listings above for the heavy Higgs bosons are the dominant mechanisms in the range of Higgs masses where multi-body decays are relevant. This may be exemplified for the first decay chain of A. In a microscopic analysis one would consider the chain
However, for small values of tgβ, the coupling hbb is of order √ G F m b and much smaller than the gauge coupling Zf f . As a result, the off-shell h * contributions are negligible compared to the off-shell Z * contributions below the two-particle threshold. The light Higgs boson h can therefore be treated as a stable particle and the decay process can be described as a three-body process to a high level of accuracy. This feature enables us to approach the problem of below-threshold decays by simple analytical methods.
In the discussion so far we have disregarded Higgs decays to neutralinos, charginos and sfermions. Since we have assumed a common SUSY scale of order M S ∼ 1 TeV, decays to sfermions do not play a role in the Higgs mass range of a few hundred GeV which we are analyzing. If the chargino/neutralino channels are kinematically open, they affect the decay branching ratios in general very strongly [12] . Denoting the decay branching ratio without neutralino/chargino decays by BR and the branching ratio for neutralino/chargino (and possibly sfermion) decays by BR χ , the finally observed branching ratio is given by
The branching ratios BR χ depend on the supersymmetric Higgs parameter µ and the gaugino mass parameter M 2 . For large values of µ and M 2 , these decay modes can be neglected, yet for parameter sets µ ∼ M 2 ∼ O(100) GeV, they could eventually dominate over all other decay modes [12] . Since the aim of the present paper is to identify the regions in the parameter space where the below-threshold decay modes might be important, we will assume, in the subsequent discussion, the decay channels to supersymmetric particles to be shut.
Higgs decay branching ratios: Large tgβ
For large tgβ the Higgs couplings to down-type fermions dominate over all other couplings. As a result, the decay pattern is in general very simple. The neutral Higgs bosons will decay into bb and τ + τ − pairs for which the branching ratios are close to ∼ 90 % and ∼ 10 %, respectively. In terms of the Fermi decay constant G F , the partial decay widths into fermions are given by [3] 
with p = 3(1) for the CP-even (odd) Higgs bosons;
is the velocity of the fermions in the final state, N c the color factor. The couplings g Φf f are collected in Table 1 . For the decay widths into quark pairs, the QCD radiative corrections [13] are large and must be included. In the limit M Φ ≫ m q , the O(α 2 s ) corrected decay widths read [14] 
In the case of bottom (charm) quarks, the coefficients are 
with V ud being the CKM-like matrix element introduced for quark final states. Also in this case the QCD corrections [17] must be included. For light quarks, the bulk of these corrections can be taken into account by using running quark masses; for the top quark, the QCD corrections are of order α s /π and small, since the top quark mass is of the same order as the Higgs boson mass.
The branching ratios for these decays are shown in Fig. 4 for tgβ = 30. Other decay modes become important only at the edges of the SUSY parameter space: (i) if h approaches the maximum mass for a given value of tgβ, and (ii) if H approaches the minimum mass for a given value of tgβ. These two cases are discussed below in detail.
The light neutral Higgs boson h
If the lightest CP-even Higgs boson h approaches its maximum mass for a given value of tgβ, the couplings become SM-like and the decay pattern of the particles is the same as for the Higgs particle in the Standard Model. In this part of the parameter space, besides decays into charm quarks and gluons 4 , neutral Higgs decays to pairs of real and virtual gauge bosons would be observed. Allowing both gauge bosons to be off-shell [important only for h masses close to M W or M Z ], the partial decay width reads [19] 
being the squared invariant masses of the virtual gauge bosons, M V and Γ V their masses and total decay widths. Γ 0 is given by Fig. 5a . The biggest uncertainty in the prediction of the decay branching ratios is associated with the badly known charm quark mass and the QCD coupling constant. To exemplify 5 the size of the uncertainty we have indicated the error of the branching ratio for h → cc by the shaded band in Fig. 5a . The parameters chosen in the figure are the MS QCD coupling α s (M 2 Z ) = 0.118 ± 0.006 and m c = 1.23 ± 0.03 GeV for the charm quark mass in the MS scheme at the scale of the pole mass as extracted from QCD sum rules [15] . The partial charm decay width is calculated consistently to O(α 2 s ) with the renormalization scale set to the Higgs boson mass [16] (see also [20] ). It is evident from Fig. 5a that the branching ratio for h → cc is very uncertain. Since it is small, the migration of the error to the b and τ branching ratios is less important, however.
The heavy neutral Higgs boson H
If the mass of the heavy neutral CP-even Higgs boson is close to the minimal value [for tgβ ≫ 1, this corresponds to M A ≃ M h < O(100 GeV)], the main decay modes are the cascade decays H → ΦΦ with Φ = h or A. For real light Higgs bosons, the partial decay widths are given by [3] 
where the radiatively corrected three-boson self-couplings have been given to leading order in eqs. (8, 9) and including subleading terms in Fig. 2b . Since M h ≃ M A and λ Hhh ≃ λ HAA for large values of tgβ, the two branching ratios are equal and close to 50% each. In this range of small H masses, the decays H → ΦΦ * with Φ * → bb, Fig. 3 , can be important since the Φbb coupling ∼ tgβ ≫ 1 is large. Taking into account only the diagrams where the bb final states originate from the decay of h * or A * [the additional channels where h or A are emitted from the b lines in H → bb give negligible contributions since the Hbb coupling is very small in this mass range, see Fig. 2a ], the Dalitz plot density for this three-body decay is given by
where x 1,2 = 2E 1,2 /M H are the scaled energies of the fermions in the final state [which we take to be massless], and
The integration of the Dalitz density over the energies x 1 and x 2 between the boundaries
can be performed analytically, with the result for M H < ∼ 2M Φ − Γ Φ sufficiently below the thresholds
The branching ratios for these two decay modes are shown in Fig. 5b for tgβ = 30 as a function of the pseudoscalar mass and for the two mixing scenarios discussed previously.
Higgs decay branching ratios: Small tgβ
In the case tgβ > ∼ 1 the Higgs decay pattern is more complicated because the couplings to the light b quarks and τ leptons are not enhanced any more and the couplings to the heavy top quark and the massive gauge bosons become increasingly important, leading in a natural way to a significant admixture of three-body decays.
The CP-even Higgs bosons
Even for small values of tgβ, tgβ > ∼ 1, the light neutral CP-even Higgs boson h decays primarily to b quark and τ pairs. Only near its maximum mass limit, where the properties of h are SM-like, other decay modes become non-negligible, as discussed before. The branching ratios are shown in Fig. 6a for tgβ = 1.5 in the cases of "no-mixing" and "maximal mixing" introduced above.
For the heavy neutral CP-even Higgs boson H, besides the usual 2-fermion bb, cc, τ τ and the gg decays, important channels are decays to pairs of light Higgs and gauge bosons and mixed pairs of Higgs and gauge bosons. Above the tt threshold, the Higgs boson H decays almost exclusively to top quarks. We will concentrate on below-threshold 3-body decays involving gauge bosons, Higgs bosons and top quarks, Fig. 3 .
(i) Gauge boson pairs
In the mass range above the W W and ZZ thresholds, where the HV V couplings are not strongly suppressed for small values of tgβ, the partial widths of the heavy Higgs particle H for decays into massive gauge bosons may be written
Below the threshold for two real bosons, the decays to real and virtual V V * pairs are important down to Higgs masses M H ∼ 130 GeV. The Dalitz plot density for the decay process
for all final ff ′ fermions taken massless [i.e. t quark excluded] and summed up. The overall normalization factor K HV V is defined as 
The factor
H accounts for the non-zero width of the gauge boson V . The effect of the finite width is important in the threshold region since it guaranties the smooth transition from below-to above-threshold decays. Again, x i are the scaled energies of the fermions in the final state. The integration over the energies x 1 and x 2 between the boundaries in eq.(31) with κ Φ replaced by κ V , leads to the well-known result of Ref. [5] for the partial width
(ii) Cascade decays
Potentially interesting decay modes are cascade decays of the heavy Higgs boson H to mixed pairs of lighter Higgs bosons h, A and gauge bosons, H → AZ and H → H ± W ∓ . Because of the large value of the top quark mass the radiative corrections will shift the H mass upward for a given value of M A or M H ± so that the phase space eventually opens for these decay modes. The partial decay widths for the two-body decays above threshold are given by the well-known expressions
with λ being the two-body phase space function defined in eq.(27). Below-threshold decays of these modes are associated with virtual gauge boson decays to light fermions Fig. 3 . In analogy to the gauge boson pair decays discussed in the previous paragraph, the Dalitz plot densities for the two processes may be written
where the density function F ij is given by
Integrated over the Dalitz plots, the partial widths for decays sufficiently below the thresholds follow from
and
Another class of important decays involves the top quark. Above the top-quark threshold the partial decay width is given by
with
being the velocity of the quarks in the final state; the coupling g Htt = sin α/ cos β has been discussed in the previous section [cf. Table 1 and Fig. 2a] . If the mass of the top quark in the Yukawa coupling is evaluated at the scale of the Higgs mass m t (M H ), the bulk of the QCD radiative corrections is effectively taken into account. Below the tt threshold the final state tbW can be reached through the tt * channel, Fig. 3 . Since both the W gauge boson mass and the top quark mass must be kept non-zero 6 , the Dalitz plot density is more involved than in the previous cases. Using the more convenient variables y 1,2 = 1 − x 1,2 , with x 1,2 = 2E t,b /M H for the reduced energies of the final top and bottom quarks, respectively, and the reduced masses
The amplitude squared Γ 0 is given by
When performing the numerical integration over the energies x 1 , x 2 of the Dalitz plot, bounded by
H ≪ 1, the b quark mass can be neglected in the amplitude but we shall keep it non-zero in the phase space integration where its effect can be important.
to obtain the partial decay widths, the non-zero decay width of the virtual particles γ t = Γ The branching ratios 7 for the main decay channels of the heavy Higgs boson H are displayed in Fig. 6b for tgβ = 1.5. Below the tt threshold, the decay H → hh is the dominant channel, superseded by decays to top quarks above the threshold. This rule is only broken for Higgs masses of about 140 GeV where an accidentally small value of the λ Hhh coupling allows the bb [no mix] and W W * [max mix] decay modes to become dominant. Important decay modes in general, below the tt threshold, are decays to pairs of gauge bosons, and bb decays. In a restricted range of the H mass, also below-threshold AZ * and H ± W ∓ * play a non-negligible role. 
The pseudoscalar Higgs boson
with λ(x, y; z) being the two-body phase space function defined in eq.(27). The branching ratio is sizeable for masses between the hZ and the tt thresholds for small values of tgβ.
For A masses below the threshold, three-body decays A → hZ * → hff , mediated by virtual Z bosons, can play a role, Fig. 3 . In the same notation as before, the Dalitz plot density is given by
with all possible Z boson decays to light fermions summed up; the Dalitz plot function F is given in eq.(42). Integrating out the energies x 1 and x 2 of the fermions, the partial 7 The Fortran code for all partial decays widths of the SM and MSSM Higgs bosons may be obtained from djouadi@desy.de, jan.kalinowski@fuw.edu.pl or spira@desy.de. 8 Since the pseudoscalar Higgs boson is always lighter than H and H ± in the MSSM, the two-body decays A → HZ and A → H ± W ∓ are kinematically forbidden.
width of this decay process reads [M
with G defined in eq.(45).
(ii) Top decays
The three-body process A → tbW − , evolving out of the decay
is predominantly mediated by virtual t quarks, A → tt * followed byt * →bW − . Using the same notation as for the process H → tbW − we obtain for the Dalitz plot density
This reduced density approaches the corresponding expression for the scalar CP-even H decay H → tbW − in the limit M H,A ≫ m t as expected from chiral symmetry. The non-zero width γ t = m 
The branching ratio is quite substantial below the top threshold for small values of tgβ for which the H ± W ∓ h coupling is not suppressed. The two-body decay of H + to W + A is kinematically not allowed.
There are three below-threshold decays of the charged Higgs boson with substantial branching ratios, two of which involve a virtual W boson, H ± → hW ± * → hff ′ and H ± → AW ± * → Aff ′ , and one involves a virtual t quark, H + →bt * →bbW + , Fig. 3 .
The Dalitz plot densities involving the virtual W boson are given by
2 H ± and x 1,2 being the energies of the ff final states], from which one obtains the partial decay widths below the thresholds
The coefficients F and G have been defined in eqs.(42, 45).
(
ii) Top decays
For the Dalitz plot density of the decay mode H + →bt * →bbW + , evolving out of
[with the CKM-type matrix element V tb ≃ 1], we obtain
in the limit where the b quark mass can be neglected;
Integrating out the energies of the Dalitz plot, the partial width [M H ± < m t + m b − Γ t ] can be written as
The branching ratios of the most important two-and three-body decays, including the threshold effects in the numerical analysis, are displayed in Fig. 6d . The branching ratio is reduced for the τ ν search channel of the charged Higgs boson quite significantly; indeed, by including of the three-body decays, this decay does not overwhelm all the other modes since the H + → hW * channel as well the channels H → AW * in the low mass range and H + → bt * in the intermediate mass range, have appreciable branching ratios. [Here, as well as for the decay A → hZ * , we differ from Ref. [6] .] It is interesting to observe that the mixing leads to a qualitative change of the decay pattern in the intermediate mass range: in the "no mixing" scenario the hW * decay mode is much more important than with mixing for moderately large charged Higgs masses.
Total widths of the Higgs particles
It is well known that the total widths of the SUSY Higgs particles are in general considerably smaller than the width of the SM Higgs particle.
The large width of the SM Higgs boson for high masses is due to the decays to longitudinal W/Z bosons which grow as G F M For large tgβ values, the decay widths of all the five Higgs bosons are determined by b-quark finale states and they scale like tg 2 β [except for h and H near their maximal and minimal mass values, respectively]. The H, A and H + widths therefore become experimentally significant, for tgβ values of order ∼ 50 and above and for large Higgs masses [21] . As expected from chiral symmetry, the expressions Γ ij approach the corresponding expressions for the decay H → tbW in the limit M H,A ≫ m t . Note that eqs.(A2) and (A4) are to be multiplied by a factor of 2 if the charge conjugate processes are taken into account. Table 1 . 
Figure Captions

